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1. Introduction

Liquid evaporation and drying are common pro-

cesses for concentrating liquids and for making solid

products. The interfacial conditions must be expressed

in correct mathematical terms so that both evaporation

and drying can be modeled adequately. In many cir-

cumstances, the conventional heat and mass transfer

analogy, e.g. the Colburn–Chilton analogy, is employed

to yield the corresponding mass transfer coefficient once

the heat transfer coefficient is known [1–4]. It has not

been mentioned though in literature, since the wet-bulb

temperature has been accepted as a property of the en-

vironment that water evaporates or drying proceeds in.

A steady-state heat balance is attained for thin sample

liquid layer at this temperature. This heat balance in fact

yields a relationship of h=hm, which can be shown to be
different from that calculated using the conventional

heat and mass transfer analogy. In this technical note,

the above has been demonstrated and the potential im-

pact of this is illustrated in simulations of drying of the

thin skim milk layer with known physical properties.

2. The heat-mass transfer coupling under small Biot
number conditions for pure water evaporation––leading to

a different formulation of h=hm

When Biot number is less than 0.1, the temperature

of the sample liquid layer is considered to be uniform

throughout. As evaporation proceeds, the sample tem-

perature becomes equal to the wet-bulb temperature,

corresponding to the ambient conditions [5,6]. Provided

sufficient water content, this temperature could be

maintained for some time. As such the steady-state heat

balance for a water droplet can be written as:

hAðT1 � TwbÞ ¼ DHLhmAðqv;satðTwbÞ � qv;1Þ ð1Þ

On the LHS of the above equation, heat transfer rate

due to convection is presented and on the RHS the heat

dissipation rate due to evaporation is presented. Based

on this heat balance, the ratio of heat transfer coefficient

(h) to mass transfer coefficient (hm) is the following:

h
hm

¼
ðqv;satðTwbÞ � qv;1ÞDHLðTwbÞ

ðT1 � TwbÞ
¼ /ðqv;1; Twb; T1Þ

ð2Þ

Eq. (2) is of course very different from that of the con-

ventional heat and mass transfer analogy, e.g. the Col-

burn–Chilton analogy [1–4]:

h
hm

¼ kv;f
Dv;f

Le�n ð3Þ

where ‘f’ represents the film value, ‘v’ represents water

vapor. The power ‘n’ is often approximated as 1=3. The
Lewis number (Le) is the ratio of the thermal and mass

diffusivities:

Le ¼ av;f
Dv;f

ð4Þ

Two examples of water evaporation are given in Fig.

1. Two ambient temperatures are considered, i.e. 40 and

70 �C respectively. One can see that the two Eqs. (2) and
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(3) give considerably different results. Considering the

following well-known dimensionless parameters:

Nu ¼ hLc
kv;f

; Sh ¼ hmLc
Dv;f

ð5Þ

One can write the ratio of the two dimensionless

parameters as below:

Nu
Sh

¼ h
hm

Dv;f
kv;f

ð6Þ

Based on Eq. (2) one can have

Nu
Sh

¼ /
Dv;f
kv;f

ð7Þ

If Nu correlation is expressed in one of the common

forms, e.g.

Nu ¼ CRem Prn ð8Þ

The corresponding Sh correlation can be written as

Sh ¼ C
/

kv;f
Dv;f

� �
Le�n Rem Scn ð9Þ

by combining Eqs. (7) and (8), where the Schmidt

number is Sc ¼ av;f=Dv;f .
A new dimensionless parameter may be introduced

after modifying Eq. (9), as follows:

Sh ¼ C
kv;f
Dv;f

� �
1

qv;fCpv;f

 !
qv;fCpv;f ðT1 � TwbÞ

DHLðT Þðqv;satðTwbÞ � qv;1Þ

� Le�nRemScn or

Sh ¼ CLe1�nwRemScn ð10Þ

where, the new dimensionless parameter is defined

Nomenclature

DHL latent heat of water vaporization (J kg�1)

A surface area (m2)

b, c, d constants in Eq. (20)

C, m, n constants in Eq. (9)

Cp specific heat capacity (J kg�1 K�1)

D diffusivity (m2 s�1)

h heat transfer coefficient (Wm�2 K�1)

hm mass transfer coefficient (m s�1)

k thermal conductivity (Wm�1 K�1)

L characteristic length (m)

Le Lewis number

m mass (kg)

Nu Nussult number

Re Reynolds number

RH relative humidity

Sc Schmidt number

Sh Sherwood number

T temperature (�C)

t time (s)

X water content on dry basis (kg kg�1)

Greek symbols

w new dimensionless parameter (Eq. (12))

q concentration (kgm�3)

/ ratio in Eq. (2)

a thermal diffusivity (m2 s�1)

Subscripts

1 bulk or ambient

f film coefficient

L latent heat

m mass transfer

s surface or solids

sat saturation

v vapor

w water

wb wet-bulb

Fig. 1. Comparison between the current model predictions of

h=hm for pure water and that of the conventional model for
different ambient humidities: (a) 40 �C and (b) 70 �C.
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w ¼
qv;fCpv;f ðT1 � TwbÞ

DHLðT Þðqv;satðTwbÞ � qv;1Þ ð11Þ

The new dimensionless group w is a measure of the
ratio of the sensible heat gain by the vapor to the heat

due to phase change. Correspondingly, Eq. (2) can be

re-written as

h
hm

¼ qv;fCpv;fw
�1 ð12Þ

Since we now have a different form of h=hm, i.e. Eq. (12),
we should expect that the predicted drying behavior of a

moist material would be different when using model Eqs.

(2) and (3) respectively.

3. Drying of moist materials under heat and mass transfer

‘thin’ conditions (Bi < 0:1)

For very small dimensions of a moist material and

when the convective heat and mass transfer around the

materials are made small, both the Biot number for heat

transfer and the Biot number for mass transfer can be

made smaller than 0.1 [1]. This means that the non-

uniformity of the temperature distribution and the non-

uniformity of the water content in the materials can be

neglected. Under these circumstances, the following

transient mass (water) and the energy balances of moist

porous media in a convective environment can be writ-

ten.

Mass balance

ms
dX
dt

¼ �hmAðqv;satðT ÞRHs � qv;1Þ ð13Þ

Heat balance

mCp
dT
dt

¼ hAðT1 � T Þ � DHLms
dX
dt

����
���� ð14Þ

Eq. (14) can be rewritten as

ð1þ X Þms
1

1þ X
Cps

�
þ X
1þ X

Cpw

�
dT
dt

¼ hAðT1 � T Þ � DHLms
dX
dt

����
���� ð15Þ

Eq. (15) can be further re-written as

msðCps þ XCpwÞ
dT
dt

¼ hAðT1 � T Þ � DHLðT Þms
dX
dt

����
����
ð16Þ

Dividing Eq. (16) by Eq. (13) gives

ðCps þ XCpwÞ
dT
dX

¼ � h
hm

� �
ðT1 � T Þ

ðqv;satðT ÞRHs � qv;1Þ
þ DHLðT Þ ð17Þ

Based on the earlier analysis, h=hm could be calculated
using either Eq. (2) or (3), two different results are ex-

pected from Eq. (17).

Chilton–Colburn analogy

ðCps þ XCpwÞ
dT
dX

¼ � kf
Df

� �
Le�n ðT1 � T Þ

ðqv;satðT ÞRHs � qv;1Þ
þ DHLðT Þ ð18Þ

The heat balance approach outlined in this note

ðCps þ XCpwÞ
dT
dX

¼ �/
ðT1 � T Þ

ðqv;satðT ÞRHs � qv;1Þ þ DHLðT Þ

¼ �
qv;satðTwbÞ � qv;1

qv;satðT ÞRHs � qv;1

� �
T1 � T
T1 � Twb

� �
� DHLðTwbÞ þ DHLðT Þ ð19Þ

Both equations can predict a minimum value of

temperature, corresponding to the ‘initial cool-down’

process if the initial temperature of the moist material is

higher than the wet-bulb temperature. To show quan-

titatively the kind of differences in drying predictions

between the two approaches (Eqs. (2) and (3)), the thin

layer drying process for skim milk has been simulated.

For simplicity, we firstly assume that extremely dry gas

is used as the drying medium, i.e. qv;1 � 0. Taking the
following equilibrium isotherm function [7] to approxi-

mate the relationship between water content and relative

humidity at any temperature:

RHs ¼ exp
�
� b

X�c

T d

�
ð20Þ

This equation can be incorporated in Eqs. (18) and (19).

For skim milk, b, c and d are taken as 9:5665� 1014,
2.18 and 15 respectively [7]. Skim milk is a widely ex-

amined food fluid [8–13]. The physical properties of the

skim milk are taken from Sano and Keey [9]. The phys-

ical properties of the water vapor and air are taken from

Incropera and De Wit [1]. Eqs. (18) and (19) can both be

integrated from the initial water content, i.e. X0 ¼ 2:333
(kg kg�1) and T ¼ Twb, to yield a relationship between T

and X under different sets of ambient conditions. Fig.

2(a) shows comparison between the predictions made

using the conventional approach (Eq. (18)) and that

using the heat balance approach (Eq. (19)). The initial

solids content is 30 wt.%. The flat sections of the curves

predicted by the model correspond to RHs � 100%.
Qualitatively, the two approaches give similar trends.

The main differences between the two model predictions

are at the high water content end. The heat balance ap-

proach gives the exact results of the wet-bulb tempera-

tures.

Bearing in mind the sort of differences in T–X rela-

tionships shown in Fig. 2(a), it is possible that the

weight-loss curves under the same drying conditions

would be different in between the predictions using the

X.D. Chen et al. / International Journal of Heat and Mass Transfer 45 (2002) 4369–4372 4371



two approaches. Fig. 2(b) shows an even more signifi-

cant difference between the two models. The conditions

for this figure are: initial droplet temperature T0 ¼ 55
�C, wet-bulb temperature Twb ¼ 57:3 �C, ambient vapor
concentration qv;1 ¼ 0:0579 kgm�3 (RH1 � 7% at Ta),
ambient temperature Ta ¼ 110 �C. These conditions lead
to a / ¼ 2541:5. The heat balance approach (Eq. (19))
predicts an initial ‘warm-up’ period but the conventional

model predicts a ‘cool-down’ period.

4. Conclusions

This note has addressed one interesting aspect of

evaporation and drying modeling. The heat to mass

transfer coefficient ratio, obtained based on the heat

balance equation for a thin water layer, is different from

that derived from the conventional heat and mass

transfer analogy. Here the Colburn–Chilton analogy

was used. Based on the simulations carried out for dry-

ing of the thin skim milk layer, considerable differences

in temperature and water content relationships of the

liquid layer have been found when using the two dif-

ferent approaches. This has raised an important fun-

damental question for future drying modeling work.
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Fig. 2. (a) A comparison between the heat balance model

predictions and the conventional model predictions for the zero

humidity case at Bi6 0:1 (skim milk layer; air velocity ¼ 0:45
m s�1, 30 wt.% initial solids, air humidity ¼ 0:0001 g g�1). (b) A
comparison between the heat balance model predictions and the

conventional model predictions for the non-zero humidity case

at Bi6 0:1 (skim milk layer). Initial droplet temperature T0 ¼ 55
�C, wet-bulb temperature Twb ¼ 57:3 �C, ambient vapor con-
centration qv;1 ¼ 0:0579 kgm�3 (RH1 � 7% at Ta), ambient
temperature Ta ¼ 110 �C.
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